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GELFAND-TSETLIN VARIETIES FOR YANGIANS
GERMA´N BENITEZ MONSALVE
Abstract. S. Ovsienko proved that the Gelfand-Tsetlin variety for gl
n
is
equidimensional (i.e., all its irreducible components have the same dimension)
of dimension n(n−1)
2
. This result is known as Ovsienko’s Theorem and it has
important consequences in Representation Theory of Algebras. In this paper,
we will study the Gelfand-Tsetlin varieties for restricted Yangian Yp(gln) and
the equidimensionality for Yp(gl3).
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1. Introduction
We consider the Gelfand-Tsetlin variety associated to the Gelfand-Tsetlin sub-
algebra Γ for General Linear Lie algebra gln over an algebraically closed field k.
In [18] S. Ovsienko has proved that such variety is equidimensional (i.e., its all
irreducible components has the same dimension) of dimension n(n−1)2 . That result
is known as “Ovsienko’s Theorem” and, as a consequences, the Gelfand-Tsetlin
variety is a complete intersection.
A well-known Kostant’s Theorem says that the Universal Enveloping algebra
U(g) of a semisimple Lie algebra g over C, is a free module over its center (Theorem
(0.13) in [9]). When g = gln, the variety associated to the center of the universal
enveloping algebra U(gln) coincides with the variety of nilpotent matrices, which
is irreducible of dimension n2 − n. Also, S. Ovsienko proved in [17] that U(gln) is
free as a left (right) module over its Gelfand-Tsetlin subalgebra.
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A generalization of Kostant’s Theorem in [9] was proved by V. Futorny and S.
Ovsienko in [7] for a class of special filtered algebras, where they have stablished
the following kye result:
Theorem: Let U be a special filtered algebra, g1, g2, . . . , gt ∈ U mutually commu-
ting elements such that its graded images determine a complete intersection for the
graded algebra associated to U , and let Γ = k[g1, g2, . . . , gt]. Then U is a free left
(right) Γ-module.
As a consequence of this theorem the authors in [7] showed that restricted Yan-
gian Yp(gln) of level p for gln is free over its center. For the full Yangian Y (gln) this
was shown previously by A. Molev, M. Nazarov and G. Olshanski˘i in [16]. In [6] V.
Futorny, A. Molev and S. Ovsienko showed that the finite W algebras associated
with gl2 (in particular, the restricted Yangian Yp(gl2) of level p) is free over its
Gelfand-Tsetlin subalgebra.
Gelfand-Tsetlin algebras appears in several contexts. Such algebras are related
to important problems in representation theory of Lie algebras, for instances, E. B.
Fomenko and A. S. Mischenko in [5] related such algebras in connection with the
solutions of the Euler equation. Also, E`. B. Vinberg in [19] related the Gelfand-
Tsetlin subalgebras in connection with subalgebras of maximal Gelfand-Kirillov
dimension of the universal enveloping algebra of a simple Lie algebra. B. Kostant
and N. Wallach in [10] and [11] used these subalgebras in connection with classical
mechanics.
In this paper, we will study the Gelfand-Tsetlin variety for restricted Yangian
Yp(gln) and its equidimensionality. The paper is organized as follows: In section §2
we introduce all necessary definitions, notations and results used throughout the
paper, such as, equidimensionality of varieties and regular sequences. In section §3
we recall the definition of Gelfand-Tsetlin subalgebras, Gelfand-Tsetlin varieties,
Ovsienko’s Theorem, its Weak Version (Theorem (3.7)) and some consequences.
In section §4 we define the restricted Yangian Yp(gln) of level p for gln, its
Gelfand-Tsetlin subalgebra and its Gelfand-Tsetlin variety G. We prove the equidi-
mensionality of the Gelfand-Tsetlin variety G for Y2(gl3) (Proposition (4.13)) exhi-
biting its decomposition in irreducible components. Also, we show in the Propo-
sition (4.14) a decomposition (it is not in irreducible components) of the Gelfand-
Tsetlin variety for Yp(gln) in the form
G = G1 ∪G2 ∪ · · · ∪Gp+1 .
In the Corollary (4.20), we show a decomposition of G1 for Yp(gln) inn the form
G1 = W1 ∪W2, if p = 1, 2
G1 = W
p ∪W1 ∪W2, if p ≥ 3.
When n = 3, the variety G1 will be called Weak Version of the Gelfand-Tsetlin
variety of G for Yp(gl3). Finally, we prove that the weak version G1 of the Gelfand-
Tsetlin variety G for Yp(gl3) is equidimensional of dimension dimG1 = 3p. This is
the aim result of this paper (Theorem (4.27)).
Acknowledgements. The author wishes to express his gratitude to Vyacheslav
Futorny for suggesting the problem and for many useful discussions during this
project.
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2. Preliminaries
Throughout the paper we fix an algebraically closed field k of characteristic zero.
For a reduced (without nilpotent elements) affine k−algebra Λ (that is, an asso-
ciative and commutative finitely generated k−algebra), we denote by SpecmΛ the
variety of all maximal ideals of Λ. If Λ is a polynomial algebra in n variables, then
we identify SpecmΛ with kn. For an ideal I ⊆ Λ, denote by V (I) ⊆ SpecmΛ, the
set of all zeroes of I, called variety. If I is generated by g1, g2, . . . , gr, then we write
I = (g1, g2, . . . , gr) and V (I) = V (g1, g2, . . . , gr). A variety V is an equidimensional
variety if all its irreducible components have the same dimension and we denote by
dimV the dimension of V .
We will denote the center of an associative algebraA by Z(A), the graded algebra
of A by gr (A) and the Universal enveloping algebra of a Lie algebra g by U(g).
A sequence g1, g2, . . . , gt in a ring R is called regular if, the image class of gi is
not a zero divisor, and is not invertible in R/(g1, g2, . . . , gi−1) for any i = 1, 2, . . . , t.
Proposition 2.1. Let R be a noetherian ring and g1, g2, . . . , gt a regular sequence
of R. If R is a graded ring and each gi is homogeneous of positive degree, then any
permutation of g1, g2, . . . , gt is regular in R.
Proof. Theorem (28) in [12] (page 102) or [13] (page 127).

Corollary 2.2. Let R be a noetherian ring and g1, g2, . . . , gt ∈ R a regular sequence
of R. If R is a graded ring and each gi is homogeneous of positive degree, then any
subsequence of g1, g2, . . . , gt is regular in R.
Proof. By Proposition (2.1) and the definition of a regular sequence.

Proposition 2.3. Let R be an affine algebra of Krull dimension n, and g1, g2, . . . , gt
be a sequence of elements in R with 0 ≤ t ≤ n.
i. If R is graded and g1, g2, . . . , gt are homogeneous, then g1, g2, . . . , gt is regular
in R if and only if the sequence g1, g2, . . . , gt is a complete intersection for R.
ii. If R is a Cohen-Macaulay algebra, then the sequence g1, g2, . . . , gt is a complete
intersection for R if and only if the variety V (g1, g2, . . . , gt) is equidimensional
of dimension n− t.
Proof. Proposition (2.1) in [7].

Proposition 2.4. Let R = k[X1, X2, . . . , Xn] be a polynomial algebra, and let
G1, G2, . . . , Gt ∈ R. The sequence
X1, X2, . . . , Xr, G1, G2, . . . , Gt
is a complete intersection for R if and only if the sequence g1, g2, . . . , gt is a complete
intersection for k[Xr+1, Xr+2, . . . , Xn], where
gi(Xr+1, Xr+2, . . . , Xn) = Gi(0, 0, . . . , 0, Xr+1, Xr+2, . . . , Xn), ∀i = 1, 2, . . . , t.
Proof. Lemma (2.2) in [7].

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3. Ovsienko’s Theorem and a weak version
From now on fix some integer n ≥ 1.
3.1. Gelfand-Tsetlin variety. For m ∈ {1, 2, . . . , n}, let glm denote the general
linear Lie algebra of all m×m matrices over k with commutator product and the
standard basis {Eij | 1 ≤ i, j ≤ m} of matrix units and denote for Zm := Z(U(glm))
the center of U(glm).
Clearly, glm for each m ∈ {1, 2, . . . , n− 1} is a Lie subalgebra of glm+1 and gln.
Therefore, there exists a chain of Lie subalgebras of gln
gl1 ⊂ gl2 ⊂ · · · ⊂ gln−1 ⊂ gln
and the induced chain of subalgebras of U(gln)
U(gl1) ⊂ U(gl2) ⊂ · · · ⊂ U(gln−1) ⊂ U(gln).
Definition 3.1. The Gelfand-Tsetlin subalgebra Γ of U(gln) is defined to be
the subalgebra Γ of U(gln) generated by {Z1, Z2, . . . , Zn}.
Proposition 3.2 (Zˇelobenko, 1973). For any m ∈ {1, 2, . . . , n}, the center Zm is
a polynomial algebra in m variables {γmj : j = 1, 2, . . . ,m}, with
γij =
∑
t1,t2,...,tj∈{1,2,...,i}
Et1t2Et2t3 · · ·Etj−1tjEtjt1 .
The subalgebra Γ is a polynomial algebra in n(n+1)2 variables {γij : 1 ≤ j ≤ i ≤ n}.
Proof. See [20] page 169.

Remark 3.3. Consider the matrix
E :=

E11 E12 · · · E1n
E21 E22 · · · E2n
...
...
. . .
...
En1 En2 · · · Enn
 ∈Mn (U(gln))
and for each i ∈ {1, 2, . . . , n} the i−th principal submatrix
Ei :=

E11 E12 · · · E1i
E21 E22 · · · E2i
...
...
. . .
...
Ei1 Ei2 · · · Eii
 ∈Mi (U(gli))
Therefore, for 1 ≤ j ≤ i ≤ n
γij = tr (E
j
i ) =
i∑
t1=1
i∑
t2=1
· · ·
i∑
tj=1
Et1t2Et2t3 · · ·Etj−1tjEtjt1
Remark 3.4. For others generators of the Gelfand-Tsetlin subalgebra Γ see [8] or
[15] (pages 246− 250).
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Clearly, the element γij can be viewed as a polynomial in noncommutative
variables Eij . But, by the Poincare-Birkhoff-Witt theorem the graded algebra
gr(U(gln)) is a polynomial algebra in variables Eij with i, j = 1, 2, . . . , n
gr(U(gl(n))) ∼= k
[
Eij : i, j = 1, 2, . . . , n
]
Therefore, the elements γij are polynomials in commutative variables Eij and
considering the notation Xij := Eij for i, j = 1, 2, . . . , n then
γij =
∑
t1,t2,...,tj∈{1,2,...,i}
Xt1t2Xt2t3 · · ·Xtj−1tjXtjt1 .
Definition 3.5. The Gelfand-Tsetlin variety for gln is the algebraic variety
V
({
γij : i = 1, 2, . . . , n; j = 1, 2, . . . , i
})
⊂ kn
2
Theorem 3.6 (Ovsienko’s Theorem, 2003).
The Gelfand-Tsetlin variety for gln is equidimensional of dimension
n(n−1)
2 .
Proof. See [18].

3.2. Weak version of the Ovsienko’s theorem.
Theorem 3.7 (Weak version of the Ovsienko’s theorem).
The variety Vn := V (σn2, σn3, σn4, . . . , σnn) ⊂ k
(n+2)(n−1)
2 is equidimensional of
dimensa˜o dim (Vn) =
n(n−1)
2 , where
σnj =
∑
n>t1>t2>···>tj−1≥1
Xnt1Xt1t2 · · ·Xtj−2tj−1Xtj−1n; j = 2, 3, . . . , n.
Proof. Theorem (3.9) in [2].

Remark 3.8. Note that:
a. V2 is exactly the Gelfand-Tsetlin variety for gl2 and the Gelfand-Tsetlin variety
for gl3 is the union between V3 and other subvariety which isomorphic to V3. The
name Weak version is because Vn is a subvariety of the Gelfand-Tsetlin variety.
b. All regular subvarieties of Gelfand-Tsetlin variety for gln are V (f1, f2, . . . , ft) ⊂
kn
2
, where each polynomial is a variable, that is, for each i
fi = Xrs , for some 1 ≤ r, s ≤ n.
Without loss of generality, we will assume that fi 6= fj , ∀i 6= j.
Independently, B. Kostant and N. Wallach in [10] and [11] guarantee that, all
the regular components of the Gelfand-Tsetlin variety for gln are equidimensionals
with dimension n(n−1)2 . But, that result is a corollary of the weak version:
Corollary 3.9. All the regular components of the Gelfand-Tsetlin variety are iso-
morphics. In particular, these regular components and
V≤ := V ({Xij : 1 ≤ i ≤ j ≤ n})
are isomorphics.
Proof. Corollary (3.12) in [2].

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3.3. Kostant-Wallach map vs Gelfand-Tseltin varieties. We can view the
fiber in zero of the Kostant-Wallach map and its partial maps as Gelfand-Tsetlin
varieties, the following form:
Definition 3.10.
(1) The Kostant-Wallach map is the morphism given by
Φ : Mn(C) −→ C
n(n+1)
2
X 7−→ Φ(X) := (χ1(X), χ2(X), . . . , χn(X)) .
.
(2) For each k = 1, 2, . . . , n the k-partial Kostant-Wallach map is the
morphism
Φk := pik ◦ Φ,
where pik : C×C
2× · · ·Cn −→ Cn−k+1× · · · × Cn−1×Cn is the projection
on the last k factors.
Definition 3.11. For k = 1, 2, . . . , n and β ∈ Cn−k+1× · · ·×Cn−1×Cn, we define
the k-partial Gelfand-Tsetlin variety in β as the algebraic variety
V˜ kβ = V
({
γij − βij : n− k + 1 ≤ i ≤ n and 1 ≤ j ≤ i
})
⊂ Cn
2
.
Remark 3.12. Clearly Φn = Φ and V˜
n
0 is the Gelfand-Tsetlin variety for gln.
The relation between Kostant-Wallach map and Gelfand-Tseltin variety is de-
terminated by the following proposition.
Proposition 3.13. For all k = 1, 2, . . . , n, the k-partial Gelfand-Tsetlin variety in
zero coincide with the fiber in zero of the k-partial Kostant-Wallach map, i.e.,
V˜ k0 = Φ
−1
k (0).
Proof. Corollary (4.10) in [2].

Remark 3.14. This proposition asserts that the Gelfand-Tsetlin variety coincide
with the fiber in zero of the Kostant-Wallach map Φ−1(0). As consequence of that
fact, the Gelfand-Tsetlin variety for gln(C) is exactly the set of the strongly nilpotent
matrices n× n (where, a matrix X ∈ Mn(C) is say strongly nilpotent, when all
its i-th principal submatrices Xi are nilpotents).
4. Restricted Yangians
Let p and n be positive integers. The level p Yangian Yp(gln) for the Lie al-
gebra gln [3, 4] can be defined as the associative algebra over k with generators
t
(1)
ij , t
(2)
ij , . . . , t
(p)
ij , i, j = 1, 2, . . . , n subject to the relations
[Tij(u), Tkl(v)] =
1
u− v
(Tkj(u)Til(v)− Tkj(v)Til(u)) ,
where u, v are formal variables and
Tij(u) = δiju
p +
p∑
k=1
t
(k)
ij u
p−k ∈ Yp(gln)[u].
These relations are equivalent to the following equation
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[
t
(r)
ij , t
(s)
kl
]
=
min{r,s}∑
a=1
(
t
(a−1)
kj t
(r+s−a)
il − t
(r+s−a)
kj t
(a−1)
il
)
,
where t
(0)
ij = δij and t
(r)
ij = 0 for r ≥ p+ 1.
Note that the level 1 Yangian Y1(gln) coincides with the universal enveloping
algebra U(gln). Set
deg(t
(k)
ij ) = k, for i, j = 1, 2, . . . , n and k = 1, 2, . . . , p.
This defines a natural filtration on Yangian Yp(gln). The corresponding graded
algebra will be denoted by Y p(gln) or gr(Yp(gln)). Also, we have the following
analogue of the Poincare´-Birkhoff-Witt Theorem for Yp(gln).
Proposition 4.1 (PBW for Yangians).
The associated graded algebra Y p(gln) = gr(Yp(gln)) is a polynomial algebra in
the variables t
(k)
ij , i, j = 1, 2, . . . , n and k = 1, 2, . . . , p.
Proof. See [3] or also Theorem (2.1) in [14].

We note that the Proposition (4.1) show that Yp(gln) is a special filtered algebra.
Now, consider the matrix T (u) = (Tij(u))
n
i,j=1 and the element in Yp(gln)[u], called
quantum determinant for Yp(gln) and defined by
qdetT (u) =
∑
σ∈Sn
sgn(σ)T1σ(1)(u)T2σ(2)(u− 1) · · ·Tnσ(n)(u− n+ 1).
Example 4.2. The quantum determinant for Yp(gl2) is
qdetT (u) = T11(u)T22(u− 1)− T21(u)T12(u− 1)
= T11(u− 1)T22(u)− T12(u− 1)T21(u)
= T22(u)T11(u− 1)− T12(u)T21(u− 1)
= T22(u− 1)T11(u)− T21(u− 1)T12(u).
Is not difficult to see that qdetT (u) is a monic polynomial in u of degree np
qdet T (u) = unp + dn1u
np−1 + dn2u
np−2 + · · ·+ dnnp−1u+ dnnp, dni ∈ Yp(gln).
Proposition 4.3. The center Z(Yp(gln)) of Yp(gln) is generated by coefficients dni
of the powers unp−i of the quantum determinant qdet T (u), i.e.,
Z(Yp(gln)) = 〈dn1, dn2, . . . , dnnp〉 .
Proof. See Theorem (1) in [3] or Corollary (4.1) in [14].

Now, consider the chain
Yp(gl1) ⊂ Yp(gl2) ⊂ · · · ⊂ Yp(gln−1) ⊂ Yp(gln).
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The Gelfand-Tsetlin subalgebra Γ for Yangians Yp(gln) is the subalgebra of
Yp(gln) generated by centers Z(Yp(gli)) of each subalgebra Yp(gli) (i = 1, 2, . . . , n).
By Proposition (4.3), the coefficients of the quantum determinant
{dij} i=1,2,...,n
j=1,2,...,ip
generates Γ. Note that this algebra is commutative.
Remark 4.4. For
F =
∑
i
fiu
i ∈ Yp(gln)[u],
we will use the following notation
F :=
∑
i
fiu
i ∈ Y p(gln)[u].
Also, denote
X
(k)
ij := t
(k)
ij , Xij(u) := T ij(u), and X(u) := (Xij(u))
n
i,j=1 .
Therefore, as Tij(u − α) = Xij(u), ∀α ∈ k, is not difficult to see
gr qdetT (u) = detX(u).
By PBW theorem for Yangians (Proposition (4.1)) each dij is a polynomial in the
commutative variables t
(k)
ij with i, j = 1, 2, . . . , n and k = 1, 2, . . . , p.
Definition 4.5. The Gelfand-Tsetlin Variety for Yp(gln) is the algebraic variety
G := V
({
dij
}
i=1,2,...,n
j=1,2,...,ip
)
⊂ kn
2p.
Remark 4.6. By Corollary (3.13), the Gelfand-Tsetlin variety G for Y1(gln) co-
incides with the Gelfand-Tsetlin variety for gln.
4.0.1. Some polynomials of the Gelfand-Tsetlin variety. By Remark (4.4)
gr qdetT (u) = detX(u) =
∑
σ∈Sn
sgn(σ)X1σ(1)(u)X2σ(2)(u) · · ·Xnσ(n)(u),
detX(u) = unp + dn1u
np−1 + · · ·+ dnnp−1u+ dnnp, dni ∈ Y p(gln)[u]
and
Xij(u) = δiju
p +
p∑
k=1
X
(k)
ij u
p−k ∈ Y p(gln)[u],
with X
(0)
ij = δij and X
(r)
ij = 0 for r ≥ p+ 1, we have
dni =
∑
σ∈Sn
∑
t1+t2+···+tn=i
sgn(σ)X
(t1)
1σ(1)X
(t2)
2σ(2) · · ·X
(tn)
nσ(n).
Example 4.7. Some polynomials are
dn1 = X
(1)
11 +X
(1)
22 + · · ·+X
(1)
nn ,
dn2 =
n∑
i=1
X
(2)
ii +
n−1∑
i=1
n∑
j=i+1
(
X
(1)
ii X
(1)
jj −X
(1)
ij X
(1)
ji
)
.
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Remark 4.8. Another expression for the polynomials dni is the following: For any
i ∈ {1, 2, . . . , np} we consider the Young diagrams λ = (λ1, λ2, . . . , λr) with r ≤ n
and λ1 ≤ p, i.e., λ1, λ2, . . . , λr ∈ Z>0 such that
p ≥ λ1 ≥ λ2 ≥ . . . ≥ λr > 0, λ1 + λ2 + . . .+ λr = i and 1 ≤ r ≤ n.
Denote the set of all this Young diagrams λ = (λ1, λ2, . . . , λr) of i with lenght r
and λ1 ≤ p by Ωr(i). Hence, we can see that
dni =
n∑
j=1
∑
A⊂{1,2,...,n}
|A|=j
σ∈Sj
∑
λ∈Ωj(i)
σ′∈Sj
sgn(σ)X
(λσ′(1))
a1aσ(1) X
(λσ′(2))
a2aσ(2) · · ·X
(λσ′(j))
ajaσ(j) ,
where A = {a1, a2, . . . , aj} with a1 < a2 < · · · < aj, λ = (λ1, λ2, . . . , λr) and Sj the
permutations group of {1, 2, . . . , j}.
4.1. Gelfand-Tsetlin variety for Restricted Yangians. We note that the Gel-
fand-Tsetlin variety G for Yp(gln) has polynomials
d11 = X
(1)
11 ,
d21 = X
(1)
11 +X
(1)
22 ,
d31 = X
(1)
11 +X
(1)
22 +X
(1)
33 ,
...
dn1 = X
(1)
11 +X
(1)
22 + · · ·+X
(1)
nn ,
but, clearly
V
(
d11, d21, . . . , dn1
)
= V
(
X
(1)
11 , X
(1)
22 , . . . , X
(1)
nn
)
.
Therefore, we would like to improve the polynomials that determined the Gelfand-
Tsetlin variety. With that aim, we will understand the polynomials for the case
n = 3 and we will can to note that for cases n > 3 the combinatorics is not simple.
Lemma 4.9. The polynomials that determine the Gelfand-Tsetlin variety G for
Yp(gl3) are:
d1i = X
(i)
11 , i = 1, 2, . . . , p,
d21 = X
(1)
11 +X
(1)
22 ,
d2i = X
(i)
11 +X
(i)
22 +
i−1∑
t=1
(
X
(t)
11 X
(i−t)
22 −X
(t)
12 X
(i−t)
21
)
, i = 2, 3, . . . , p,
d2 p+i =
p∑
t=i
(
X
(t)
11 X
(p+i−t)
22 −X
(t)
12 X
(p+i−t)
21
)
, i = 1, 2, 3, . . . , p,
d31 = X
(1)
11 +X
(1)
22 +X
(1)
33 ,
d32 = X
(2)
11 +X
(2)
22 +X
(2)
33 +X
(1)
11 X
(1)
22 +X
(1)
11 X
(1)
33 +X
(1)
22 X
(1)
33 −X
(1)
23 X
(1)
32 −
−X
(1)
12 X
(1)
21 −X
(1)
13 X
(1)
31 ,
d3i = X
(i)
33 +X
(i)
22 +X
(i)
11 +
i−1∑
s=1
(
X
(s)
22 X
(i−s)
33 −X
(s)
23 X
(i−s)
32
)
+
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+
i−1∑
s=1
(
X
(s)
11 X
(i−s)
33 −X
(s)
13 X
(i−s)
31 +X
(s)
11 X
(i−s)
22 −X
(s)
12 X
(i−s)
21
)
+
+
i−2∑
r=1
i−r−1∑
s=1
{
X
(r)
11 X
(s)
22 X
(i−r−s)
33 −X
(r)
11 X
(s)
23 X
(i−r−s)
32 −X
(r)
12 X
(s)
21 X
(i−r−s)
33 −
−X
(r)
13 X
(s)
22 X
(i−r−s)
31 +X
(r)
12 X
(s)
23 X
(i−r−s)
31 +X
(r)
13 X
(s)
21 X
(i−r−s)
32
}
,
for i = 3, 4, . . . , p,
d3 p+1 =
p∑
s=1
(
X
(s)
22 X
(p+1−s)
33 −X
(s)
23 X
(p+1−s)
32 +X
(s)
11 X
(p+1−s)
33 −X
(s)
13 X
(p+1−s)
31
)
+
+
p∑
s=1
(
X
(s)
11 X
(p+1−s)
22 −X
(s)
12 X
(p+1−s)
21
)
+
+
p−1∑
r=1
p−r∑
s=1
{
X
(r)
11 X
(s)
22 X
(p+1−r−s)
33 −X
(r)
11 X
(s)
23 X
(p+1−r−s)
32 −
−X
(r)
12 X
(s)
21 X
(p+1−r−s)
33 −X
(r)
13 X
(s)
22 X
(p+1−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+1−r−s)
31 +
+X
(r)
13 X
(s)
21 X
(p+1−r−s)
32
}
,
d3 p+i =
p∑
s=i
(
X
(s)
22 X
(p+i−s)
33 −X
(s)
23 X
(p+i−s)
32 +X
(s)
11 X
(p+i−s)
33
)
+
+
p∑
s=i
(
−X
(s)
13 X
(p+i−s)
31 +X
(s)
11 X
(p+i−s)
22 −X
(s)
12 X
(p+i−s)
21
)
+
+
i−1∑
r=1
p∑
s=i−r
{
X
(r)
11 X
(s)
22 X
(p+i−r−s)
33 −X
(r)
11 X
(s)
23 X
(p+i−r−s)
32 −
−X
(r)
12 X
(s)
21 X
(p+i−r−s)
33 −X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31 +
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
+
+
p∑
r=i
p+i−r−1∑
s=1
{
X
(r)
11 X
(s)
22 X
(p+i−r−s)
33 −X
(r)
11 X
(s)
23 X
(p+i−r−s)
32 −
−X
(r)
12 X
(s)
21 X
(p+i−r−s)
33 −X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31 +
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
, i = 2, 3, . . . , p,
d3 2p+i =
p∑
r=i
p∑
s=p+i−r
{
X
(r)
11 X
(s)
22 X
(2p+i−r−s)
33 −X
(r)
11 X
(s)
23 X
(2p+i−r−s)
32 −
−X
(r)
12 X
(s)
21 X
(2p+i−r−s)
33 −X
(r)
13 X
(s)
22 X
(2p+i−r−s)
31 +
+X
(r)
12 X
(s)
23 X
(2p+i−r−s)
31 +X
(r)
13 X
(s)
21 X
(2p+i−r−s)
32
}
, i = 1, 2, . . . , p.
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Proof. It is easy to see for the polynomials d1i and d2i for any i = 1, 2, . . . , p. Now,
for i = 1, 2, 3, . . . , p
d2 p+i =
∑
t1+t2=p+i
i≤t1,t2≤p
X
(t1)
11 X
(t2)
22 −
∑
t1+t2=p+i
i≤t1,t2≤p
X
(t1)
12 X
(t2)
21 (because X
(r)
ij = 0, ∀r > p)
=
p∑
t=i
X
(t)
11 X
(p+i−t)
22 −
p∑
t=i
X
(t)
12 X
(p+i−t)
21 .
Since that for i = 1, 2, . . . , p
d3i =
∑
t1+t2+t3=i
{
X
(t1)
11 X
(t2)
22 X
(t3)
33 −X
(t1)
11 X
(t2)
23 X
(t3)
32 −X
(t1)
12 X
(t2)
21 X
(t3)
33 −
−X
(t1)
13 X
(t2)
22 X
(t3)
31 +X
(t1)
12 X
(t2)
23 X
(t3)
31 +X
(t1)
13 X
(t2)
21 X
(t3)
32
}
,
then, by proposition (A.2) in [1],
d31 = X
(1)
11 +X
(1)
22 +X
(1)
33 ,
d32 = X
(2)
11 +X
(2)
22 +X
(2)
33 +X
(1)
11 X
(1)
22 +X
(1)
11 X
(1)
33 +X
(1)
22 X
(1)
33 −X
(1)
23 X
(1)
32 −
−X
(1)
12 X
(1)
21 −X
(1)
13 X
(1)
31 ,
d3i = X
(i)
33 +X
(i)
22 +X
(i)
11 +
i−1∑
s=1
(
X
(s)
22 X
(i−s)
33 −X
(s)
23 X
(i−s)
32
)
+
+
i−1∑
s=1
(
X
(s)
11 X
(i−s)
33 −X
(s)
13 X
(i−s)
31 +X
(s)
11 X
(i−s)
22 −X
(s)
12 X
(i−s)
21
)
+
+
i−2∑
r=1
i−r−1∑
s=1
{
X
(r)
11 X
(s)
22 X
(i−r−s)
33 −X
(r)
11 X
(s)
23 X
(i−r−s)
32 −X
(r)
12 X
(s)
21 X
(i−r−s)
33 −
−X
(r)
13 X
(s)
22 X
(i−r−s)
31 +X
(r)
12 X
(s)
23 X
(i−r−s)
31 +X
(r)
13 X
(s)
21 X
(i−r−s)
32
}
,
i = 3, 4, . . . , p.
Similarly, since that i = 1, 2, . . . , p and X
(r)
ij = 0, ∀r > p
d3 p+i =
∑
t1+t2+t3=p+i
0≤t1,t2,t3≤p
{
X
(t1)
11 X
(t2)
22 X
(t3)
33 −X
(t1)
11 X
(t2)
23 X
(t3)
32 −X
(t1)
12 X
(t2)
21 X
(t3)
33 −
−X
(t1)
13 X
(t2)
22 X
(t3)
31 +X
(t1)
12 X
(t2)
23 X
(t3)
31 +X
(t1)
13 X
(t2)
21 X
(t3)
32
}
,
then, of the proposition (A.3) in [1] follow that
d3 p+1 =
∑
t1+t2+t3=p+1
0≤t1,t2,t3≤p
{
X
(t1)
11 X
(t2)
22 X
(t3)
33 −X
(t1)
11 X
(t2)
23 X
(t3)
32 −X
(t1)
12 X
(t2)
21 X
(t3)
33 −
−X
(t1)
13 X
(t2)
22 X
(t3)
31 +X
(t1)
12 X
(t2)
23 X
(t3)
31 +X
(t1)
13 X
(t2)
21 X
(t3)
32
}
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=
p∑
s=1
(
X
(s)
22 X
(p+1−s)
33 −X
(s)
23 X
(p+1−s)
32 +X
(s)
11 X
(p+1−s)
33 −X
(s)
13 X
(p+1−s)
31
)
+
+
p∑
s=1
(
X
(s)
11 X
(p+1−s)
22 −X
(s)
12 X
(p+1−s)
21
)
+
+
p−1∑
r=1
p−r∑
s=1
{
X
(r)
11 X
(s)
22 X
(p+1−r−s)
33 −X
(r)
11 X
(s)
23 X
(p+1−r−s)
32 −
−X
(r)
12 X
(s)
21 X
(p+1−r−s)
33 −X
(r)
13 X
(s)
22 X
(p+1−r−s)
31 +
+X
(r)
12 X
(s)
23 X
(p+1−r−s)
31 +X
(r)
13 X
(s)
21 X
(p+1−r−s)
32
}
,
d3 p+i =
p∑
s=i
(
X
(s)
22 X
(p+i−s)
33 −X
(s)
23 X
(p+i−s)
32 +X
(s)
11 X
(p+i−s)
33
)
+
+
p∑
s=i
(
−X
(s)
13 X
(p+i−s)
31 +X
(s)
11 X
(p+i−s)
22 −X
(s)
12 X
(p+i−s)
21
)
+
+
i−1∑
r=1
p∑
s=i−r
{
X
(r)
11 X
(s)
22 X
(p+i−r−s)
33 −X
(r)
11 X
(s)
23 X
(p+i−r−s)
32 −
−X
(r)
12 X
(s)
21 X
(p+i−r−s)
33 −X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +
+X
(r)
12 X
(s)
23 X
(p+i−r−s)
31 +X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
+
+
p∑
r=i
p+i−r−1∑
s=1
{
X
(r)
11 X
(s)
22 X
(p+i−r−s)
33 −X
(r)
11 X
(s)
23 X
(p+i−r−s)
32 −
−X
(r)
12 X
(s)
21 X
(p+i−r−s)
33 −X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +
+X
(r)
12 X
(s)
23 X
(p+i−r−s)
31 +X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
, i = 2, 3, . . . , p.
Finally, as X
(r)
ij = 0, ∀r > p and by proposition (A.4) in [1], for each i = 1, 2, . . . , p
d3 2p+i =
∑
t1+t2+t3=2p+i
0≤t1,t2,t3≤p
{
X
(t1)
11 X
(t2)
22 X
(t3)
33 −X
(t1)
11 X
(t2)
23 X
(t3)
32 −X
(t1)
12 X
(t2)
21 X
(t3)
33 −
−X
(t1)
13 X
(t2)
22 X
(t3)
31 +X
(t1)
12 X
(t2)
23 X
(t3)
31 +X
(t1)
13 X
(t2)
21 X
(t3)
32
}
=
p∑
r=i
p∑
s=p+i−r
{
X
(r)
11 X
(s)
22 X
(2p+i−r−s)
33 −X
(r)
11 X
(s)
23 X
(2p+i−r−s)
32 −
−X
(r)
12 X
(s)
21 X
(2p+i−r−s)
33 −X
(r)
13 X
(s)
22 X
(2p+i−r−s)
31 +
+X
(r)
12 X
(s)
23 X
(2p+i−r−s)
31 +X
(r)
13 X
(s)
21 X
(2p+i−r−s)
32
}
.

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As consequence of the previous lemma, we can show the Gelfand-Tsetlin variety
for Yp(gl3) with other polynomials a little less complicated. For more details in the
computations see proposition (5.9) pages 56− 63 in [1].
Proposition 4.10.
V
({
dij
}
i=1,2,3
j=1,2,...,ip
)
= V
(
{pij} i=1,2,3
j=1,2,...,ip
)
⊂ k9p,
where
p1i = X
(i)
11 , i = 1, 2, . . . , p,
p21 = X
(1)
22 ,
p2i = X
(i)
22 −
i−1∑
t=1
X
(t)
12 X
(i−t)
21 , i = 2, 3, . . . , p,
p2 p+i =
p∑
t=i
X
(t)
12 X
(p+i−t)
21 , i = 1, 2, . . . , p,
p31 = X
(1)
33 ,
p32 = X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
p3i = −
i−2∑
r=1
i−r−1∑
s=2
X
(r)
13 X
(s)
22 X
(i−r−s)
31 +X
(i)
33 −
i−1∑
s=1
(
X
(s)
13 X
(i−s)
31 +X
(s)
23 X
(i−s)
32
)
+
+
i−2∑
r=1
i−r−1∑
s=1
{
X
(r)
12 X
(s)
23 X
(i−r−s)
31 +X
(r)
13 X
(s)
21 X
(i−r−s)
32
}
, i = 3, 4, . . . , p,
p3 p+1 =
p−1∑
r=1
p−r∑
s=1
{
X
(r)
12 X
(s)
23 X
(p+1−r−s)
31 +X
(r)
13 X
(s)
21 X
(p+1−r−s)
32
}
−
−
p∑
s=1
(
X
(s)
13 X
(p+1−s)
31 +X
(s)
23 X
(p+1−s)
32
)
−
p−1∑
r=1
p−r∑
s=2
X
(r)
13 X
(s)
22 X
(p+1−r−s)
31 ,
p3 p+i = −
p∑
s=i
(
X
(s)
23 X
(p+i−s)
32 −X
(s)
13 X
(p+i−s)
31
)
+
+
i−1∑
r=1
p∑
s=i−r
{
−X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31 +
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
+
+
p∑
r=i
p+i−r−1∑
s=1
{
−X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31 +
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
, i = 2, 3, . . . , p,
p3 2p+i =
p∑
r=i
p∑
s=p+i−r
{
−X
(r)
13 X
(s)
22 X
(2p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(2p+i−r−s)
31 +
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+X
(r)
13 X
(s)
21 X
(2p+i−r−s)
32
}
, i = 1, 2, . . . , p.
Proof. Clearly d1i = p1i (i = 1, 2, . . . , p) and d21 = p11+p21. Now, for i = 2, 3, . . . , p
d2i = p1i +
i−1∑
t=1
p1tX
(i−t)
22 + p2i.
Similarly, for each i = 1, 2, . . . , p
d2 p+i =
p∑
t=i
p1tX
(p+i−t)
22 − p2 p+i.
Continuing with the same argument d31 = p11 + p21 + p31 and
d32 = p12 + p22 + p11X
(1)
22 + p11X
(1)
33 + p21X
(1)
33 + p32.
For each i = 3, 4, . . . , p
d3i = p1i +
i−1∑
s=1
p1s
(
X
(i−s)
33 +X
(i−s)
22
)
+
+
i−2∑
r=1
i−r−1∑
s=1
p1r
(
X
(s)
22 X
(i−r−s)
33 −X
(s)
23 X
(i−r−s)
32
)
+
+ p2i + p21X
(i−1)
33 +
i−2∑
r=1
p2 i−rX
(r)
33 + p3i.
Analogously
d3 p+1 =
p∑
s=1
p1s
(
X
(p+1−s)
33 +X
(p+1−s)
22
)
+
+
p−1∑
r=1
p−r∑
s=1
p1r
(
X
(s)
22 X
(p+1−r−s)
33 −X
(s)
23 X
(p+1−r−s)
32
)
+
+ p21X
(p)
33 +
p−1∑
r=1
X
(r)
33 p2 p+1−r − p2 p+1 + p3 p+1.
For all i = 2, 3, . . . , p
d3 p+i =
p∑
s=i
p1s
(
X
(p+i−s)
22 +X
(p+i−s)
33
)
+
+
i−1∑
r=1
p∑
s=i−r
p1r
(
X
(s)
22 X
(p+i−r−s)
33 −X
(s)
23 X
(p+i−r−s)
32
)
+
+
p∑
r=i
p+i−r−1∑
s=1
p1r
(
X
(s)
22 X
(p+i−r−s)
33 −X
(s)
23 X
(p+i−r−s)
32
)
− p2i+
+
p∑
r=i
X
(r)
33 p2 p+i−r −
i−1∑
r=1
X
(r)
33 p2 p+i−r + p3 p+i.
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Finally, for each i = 1, 2, . . . , p
d3 2p+i =
p∑
r=i
p∑
s=p+i−r
p1r
(
X
(s)
22 X
(2p+i−r−s)
33 −X
(s)
23 X
(2p+i−r−s)
32
)
−
−
p∑
r=i
X
(r)
33 p2 p+i−r + p3 2p+i.

Corollary 4.11. The Gelfand-Tsetlin variety G for Yp(gln) have the form:
G = V
(
{pij} i=1,2,...,n
j=1,2,...,ip
)
⊂ k9p,
where
pij = dij , for 4 ≤ i ≤ n and 1 ≤ j ≤ ip.
Proof. Definition (4.5) and by Proposition (4.10).

4.2. Equidimensionality for some Gelfand-Tsetlin varieties. By Corollary
(3.13) follow that the Gelfand-Tsetlin variety G for Y1(gln) coincides with the
Gelfand-Tsetlin variety for gln and by Ovsienko’s Theorem (3.6) we have that this
variety is equidimensional of dimension
dimG =
n(n− 1)
2
.
Ovsienko’s Theorem (3.6) states that all irreducible components have the same
dimension, but does not say anything about its decomposition in irreducible com-
ponents and the following result we will show such decomposition.
Proposition 4.12. The Gelfand-Tsetlin variety G for Y1(gl3) is equidimensional
of dimension dimG = 3 and its decomposition in irreducible components is
G =
7⋃
i=1
Ci
where
C1 = V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
23 , X
(1)
13
)
,
C2 = V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
32 , X
(1)
13
)
,
C3 = V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
13 X
(1)
31 +X
(1)
23 X
(1)
32 , X
(1)
21
)
,
C4 = V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
31 , X
(1)
32
)
,
C5 = V
(
X
(1)
11 , X
(1)
22 , X
(1)
21 , X
(1)
33 , X
(1)
13 , X
(1)
23
)
,
C6 = V
(
X
(1)
11 , X
(1)
22 , X
(1)
21 , X
(1)
33 , X
(1)
31 , X
(1)
23
)
,
C7 = V
(
X
(1)
11 , X
(1)
22 , X
(1)
21 , X
(1)
33 , X
(1)
32 , X
(1)
31
)
.
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Proof. Follow of the Proposition (4.10) or by Corollary (4.11) that
G = V (p11, p21, p22, p31, p32, p33) ⊂ k
9,
where
p11 = X
(1)
11 , p21 = X
(1)
22 , p22 = X
(1)
12 X
(1)
21 , p31 = X
(1)
33 ,
p32 = X
(1)
13 X
(1)
31 +X
(1)
23 X
(1)
32 and p33 = X
(1)
12 X
(1)
23 X
(1)
31 +X
(1)
13 X
(1)
21 X
(1)
32 ,
hence
G = V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
13 X
(1)
31 +X
(1)
23 X
(1)
32 , X
(1)
13 X
(1)
21 X
(1)
32
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
21 , X
(1)
33 , X
(1)
13 X
(1)
31 +X
(1)
23 X
(1)
32 , X
(1)
12 X
(1)
23 X
(1)
31
)
= V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
23 X
(1)
32 , X
(1)
13
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
13 X
(1)
31 +X
(1)
23 X
(1)
32 , X
(1)
21
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
13 X
(1)
31 , X
(1)
32
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
21 , X
(1)
33 , X
(1)
13 X
(1)
31 , X
(1)
23
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
21 , X
(1)
33 , X
(1)
23 X
(1)
32 , X
(1)
31
)
= V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
23 , X
(1)
13
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
32 , X
(1)
13
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
13 X
(1)
31 +X
(1)
23 X
(1)
32 , X
(1)
21
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
12 , X
(1)
33 , X
(1)
31 , X
(1)
32
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
21 , X
(1)
33 , X
(1)
13 , X
(1)
23
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
21 , X
(1)
33 , X
(1)
31 , X
(1)
23
)
∪
∪ V
(
X
(1)
11 , X
(1)
22 , X
(1)
21 , X
(1)
33 , X
(1)
32 , X
(1)
31
)
.
Therefore, G for Y1(gl3) has 7 irreducibles components and each component has
dimension 3.

With the aim of to show the difficulty of the equidimensionality of G calculating
its decomposition, the following proposition guarantee the equidimensionality of
the Gelfand-Tsetlin variety G for Y2(gl3) exhibiting its decomposition in irreducible
components. All the details of such decomposition are in [1] (Appendix (B) pages
97− 123), basically we used the same argument of the previous proposition.
Proposition 4.13. The Gelfand-Tsetlin variety G for Y2(gl3) is equidimensional
with dimG = 6.
Proof. By proposition (4.10) or corollary (4.11), we have that
G = V
(
{pij} i=1,2,3
j=1,2,...,2i
)
⊂ k18,
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where
p11 = X
(1)
11 ,
p12 = X
(2)
11 ,
p21 = X
(1)
22 ,
p22 = X
(2)
22 −X
(1)
12 X
(1)
21 ,
p23 = X
(1)
12 X
(2)
21 +X
(2)
12 X
(1)
21 ,
p24 = X
(2)
12 X
(2)
21 ,
p31 = X
(1)
33 ,
p32 = X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
p33 = X
(1)
12 X
(1)
23 X
(1)
31 +X
(1)
13 X
(1)
21 X
(1)
32 −X
(1)
13 X
(2)
31 −X
(1)
23 X
(2)
32 −X
(2)
13 X
(1)
31 −
−X
(2)
23 X
(1)
32 −X
(1)
13 X
(1)
22 X
(1)
31 ,
p34 = −X
(2)
23 X
(2)
32 −X
(2)
13 X
(2)
31 −X
(1)
13 X
(1)
22 X
(2)
31 +X
(1)
12 X
(1)
23 X
(2)
31 +X
(1)
13 X
(1)
21 X
(2)
32 −
−X
(1)
13 X
(2)
22 X
(1)
31 +X
(1)
12 X
(2)
23 X
(1)
31 +X
(1)
13 X
(2)
21 X
(1)
32 −X
(2)
13 X
(1)
22 X
(1)
31 +
+X
(2)
12 X
(1)
23 X
(1)
31 +X
(2)
13 X
(1)
21 X
(1)
32 ,
p35 = −X
(1)
13 X
(2)
22 X
(2)
31 +X
(1)
12 X
(2)
23 X
(2)
31 +X
(1)
13 X
(2)
21 X
(2)
32 −X
(2)
13 X
(1)
22 X
(2)
31 +
+X
(2)
12 X
(1)
23 X
(2)
31 ++X
(2)
13 X
(1)
21 X
(2)
32 −X
(2)
13 X
(2)
22 X
(1)
31 +X
(2)
12 X
(2)
23 X
(1)
31 +
+X
(2)
13 X
(2)
21 X
(1)
32 ,
p36 = −X
(2)
13 X
(2)
22 X
(2)
31 +X
(2)
12 X
(2)
23 X
(2)
31 +X
(2)
13 X
(2)
21 X
(2)
32 .
Analogously to previous proof we have that the decomposition in irreducibles com-
ponents is
G =
22⋃
i=1
Ci,
where
C1 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
12 , X
(2)
12 , X
(1)
33 , X
(2)
33 , X
(1)
23 , X
(2)
23 , X
(1)
13 , X
(2)
13
)
,
C2 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
12 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
23 X
(1)
32 , X
(2)
32 , X
(2)
23 ,
X
(1)
13 , X
(2)
13
)
,
C3 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
12 , X
(2)
12 , X
(1)
33 , X
(2)
33 , X
(1)
32 , X
(2)
32 , X
(1)
13 , X
(2)
13
)
,
C4 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
12 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
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−X
(2)
23 X
(1)
32 +X
(1)
13 X
(1)
21 X
(1)
32 −X
(1)
13 X
(2)
31 , X
(2)
32 , X
(2)
21 , X
(2)
13
)
,
C5 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
12 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
−X
(1)
23 X
(2)
32 −X
(1)
13 X
(2)
31 ,−X
(2)
23 +X
(1)
13 X
(1)
21 , X
(2)
21 , X
(2)
13
)
,
C6 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
12 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
13 X
(1)
31 , X
(2)
31 , X
(1)
32 ,
X
(2)
32 , X
(2)
13
)
,
C7 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
12 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
X
(1)
23 X
(2)
32 +X
(2)
23 X
(1)
32 +X
(1)
13 X
(2)
31 +X
(2)
13 X
(1)
31 , X
(2)
23 X
(2)
32 +X
(2)
13 X
(2)
31 ,
X
(1)
21 , X
(2)
21
)
,
C8 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
12 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
X
(2)
23 X
(1)
32 +X
(2)
13 X
(1)
31 , X
(1)
21 X
(1)
32 −X
(2)
31 , X
(2)
32 , X
(2)
21
)
,
C9 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
12 , X
(2)
12 , X
(1)
33 , X
(2)
33 , X
(1)
31 , X
(2)
31 , X
(1)
32 , X
(2)
32
)
,
C10 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 −X
(1)
12 X
(1)
21 , X
(2)
21 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
13 X
(1)
31 ,
X
(1)
23 , X
(2)
23 −X
(1)
13 X
(1)
21 , X
(2)
31 , X
(2)
13
)
,
C11 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 −X
(1)
12 X
(1)
21 , X
(2)
21 , X
(2)
12 , X
(1)
33 ,
X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 , X
(2)
32 −X
(1)
12 X
(1)
31 , X
(2)
23 −X
(1)
13 X
(1)
21 , X
(2)
31 ,
X
(2)
13
)
,
C12 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 −X
(1)
12 X
(1)
21 , X
(2)
21 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
13 X
(1)
31 ,
X
(1)
32 , X
(2)
32 −X
(1)
12 X
(1)
31 , X
(2)
31 , X
(2)
13
)
,
C13 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 −X
(1)
12 X
(1)
21 , X
(2)
21 , X
(2)
12 , X
(1)
33 , X
(2)
33 , X
(1)
13 , X
(1)
23 ,
X
(2)
23 , X
(2)
13
)
,
C14 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(1)
21 , X
(2)
21 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
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X
(1)
23 X
(2)
32 −X
(1)
12 X
(1)
23 X
(1)
31 +X
(2)
13 X
(1)
31 , X
(2)
31 , X
(2)
23 , X
(2)
22
)
,
C15 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(1)
21 , X
(2)
21 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
X
(1)
23 X
(2)
32 +X
(1)
13 X
(2)
31 , X
(1)
12 X
(1)
23 −X
(2)
13 , X
(2)
23 , X
(2)
22
)
,
C16 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(1)
21 , X
(2)
21 , X
(2)
12 , X
(1)
33 , X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
X
(2)
23 X
(1)
32 +X
(2)
13 X
(1)
31 , X
(2)
32 −X
(1)
12 X
(1)
31 , X
(2)
31 , X
(2)
22
)
,
C17 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 −X
(1)
12 X
(1)
21 , X
(2)
21 , X
(2)
12 , X
(1)
33 , X
(2)
33 , X
(1)
31 , X
(1)
32 ,
X
(2)
32 , X
(2)
31
)
,
C18 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
21 , X
(2)
21 , X
(1)
33 , X
(2)
33 , X
(1)
32 , X
(2)
32 , X
(1)
31 , X
(2)
31
)
,
C19 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
21 , X
(2)
21 , X
(1)
33 , X
(2)
33 −X
(1)
32 X
(1)
23 , X
(2)
23 , X
(2)
32 ,
X
(1)
31 , X
(2)
31
)
,
C20 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
21 , X
(2)
21 , X
(1)
33 , X
(2)
33 , X
(1)
23 , X
(2)
23 , X
(1)
31 , X
(2)
31
)
,
C21 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
21 , X
(2)
21 , X
(1)
33 , X
(2)
33 −X
(1)
31 X
(1)
13 , X
(2)
13 , X
(1)
23 ,
X
(2)
23 , X
(2)
31
)
,
C22 = V
(
X
(1)
11 , X
(2)
11 , X
(1)
22 , X
(2)
22 , X
(1)
21 , X
(2)
21 , X
(1)
33 , X
(2)
33 , X
(1)
13 , X
(2)
13 , X
(1)
23 , X
(2)
23
)
.
In this decomposition for G, each irreducible component has dimension 6 and there-
fore the Gelfand-Tsetlin variety is equidimensional with
dimG = 6.

4.3. A first decomposition. Now we will exhibit a decomposition of the Gelfand-
Tsetlin variety G for Yangians Yp(gln), which as we will see, such decomposition is
not in irreducible components.
Proposition 4.14. For Yp(gln)
G =
p+1⋃
s=1
Gs,
where
G1 := V
(
{pij} i=1,2
j=1,2,...,p
∪
{
X
(i)
12
}p
i=1
∪ {pij} i=3,4,...,n
j=1,2,...,ip
)
⊂ kn
2p,
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for 2 ≤ s ≤ p,
Gs := V
(
{pij} i=1,2
j=1,2,...,p
∪
{
X
(i)
12
}p
i=s
∪
{
X
(i)
21
}p
i=p−(s−2)
∪ {pij} i=3,4,...,n
j=1,2,...,ip
)
⊂ kn
2p
and
Gp+1 := V
(
{pij} i=1,2
j=1,2,...,p
∪
{
X
(i)
21
}p
i=1
∪ {pij} i=3,4,...,n
j=1,2,...,ip
)
⊂ kn
2p.
Proof. Clearly Gs ⊆ G for each s = 1, 2, . . . , p+ 1, therefore
G ⊇
p+1⋃
s=1
Gs .
Now, for
G ⊆
p+1⋃
s=1
Gs,
we consider A =
(
a
(t)
ij
)
i,j=1,2,...,n
t=1,2,...,p
∈ G. By Proposition (4.10) or Corollary (4.11)
p2 2p(A) = a
(p)
12 a
(p)
21 = 0, hence
a
(p)
12 = 0 or a
(p)
21 = 0.
Therefore, if p = 1 then
G = G1 ∪G2 .
When p > 1 as a consequence of the Proposition (4.10) or Corollary (4.11)
p2 2p−1(A) = a
(p−1)
12 a
(p)
21 + a
(p)
12 a
(p−1)
21 = 0,
thus
a
(p)
12 = a
(p−1)
12 = 0 or a
(p)
12 = a
(p)
21 = 0 or a
(p)
21 = a
(p−1)
21 = 0.
Therefore, if p = 2 then
G = G1 ∪G2 ∪G3 .
Moreover, for the case that p > 2. Since that A ∈ G1 whenever a
(t)
12 = 0 for all
t = 1, 2, . . . , p and A ∈ Gp+1 whenever a
(t)
21 = 0 for all t = 1, 2, . . . , p, then we can
assume that, there exists s ∈ {2, 3, . . . , p} such that
a
(t)
12 = 0, ∀t ≥ s and a
(s−1)
12 6= 0.
By Proposition (4.10) or Corollary (4.11) follows
pp p+s−1(A) = a
(s−1)
12 a
(p)
21 +
p∑
t=s
a
(t)
12 a
(p+s−1−t)
21 = 0
and thus a
(p)
21 = 0, which implies that, if s = 2 then A ∈ G2.
Continuing with the same argument for 3 ≤ s ≤ p, when
a
(t)
21 = 0, ∀t ≥ j for some j ∈ {p− s+ 3, p− s+ 4, . . . , p} .
Since that 1 ≤ s− p+ j − 2 ≤ p, we have the polynomial
pp s+j−2 = pp p+s−p+j−2 =
p∑
t=s−p+j−2
X
(t)
12 X
(p+s−p+j−2−t)
21
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=
p∑
m=j
X
(s+j−2−m)
12 X
(m)
21 +X
(s−1)
12 X
(j−1)
21 +
p∑
t=s
X
(t)
12 X
(s+j−2−t)
21 ,
hence, of the Proposition (4.10) or Corollary (4.11),
pp s+j−2(A) =
p∑
m=j
a
(s+j−2−m)
12 a
(m)
21︸ ︷︷ ︸
=0
+a
(s−1)
12 a
(j−1)
21 +
p∑
t=s
a
(t)
12 a
(s+j−2−t)
21︸ ︷︷ ︸
=0
= 0,
thus a
(j−1)
21 = 0 and we can conclude A ∈ Gs, 3 ≤ s ≤ p.

4.3.1. A decomposition for the first subvariety. Note that as
G1 = V
(
{pij} i=1,2
j=1,2,...,p
∪
{
X
(i)
12
}p
i=1
∪ {pij} i=3,4,...,n
j=1,2,...,ip
)
⊂ kn
2p,
so by Corollary (4.11), we can see that variety of the following form
G1 = V
(
W ∪ {pij} i=3,4,...,n
j=1,2,...,ip
)
⊂ kn
2p,
where
W :=
p⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22
}
.
When n = 3, we will call G1 weak version of the Gelfand-Tsetlin variety G
for Yp(gl3). In level p = 1, this subvariety coincides with the weak version in [2].
Now, we going to looking for a decomposition (it is not necessarily in irreducible
components) to G1. With this aim, we will need of the following lemma:
Lemma 4.15. Suppose A =
(
a
(t)
rs
)
r,s=1,2,...,n
t=1,2,...,p
∈ G1 and 1 ≤ i ≤ p− 2
(1) (a) If a
(t)
13 = 0, ∀t ≥ p− i, then
a
(p−i−1)
13 = 0 or a
(p)
21 = 0 or a
(p)
32 = 0.
(b) If 1 ≤ j ≤ i, a
(t)
13 = 0, ∀t ≥ p− i+ j and a
(t)
21 = 0, ∀t ≥ p− j+1, then
a
(p−i+j−1)
13 = 0 or a
(p−j)
21 = 0 or a
(p)
32 = 0.
(c) If a
(t)
21 = 0, ∀t ≥ p− i, then
a
(p)
13 = 0 or a
(p−i−1)
21 = 0 or a
(p)
32 = 0.
(2) (a) If 1 ≤ j ≤ i, a
(t)
21 = 0, ∀t ≥ p− i+ j and a
(t)
32 = 0, ∀t ≥ p− j+1, then
a
(p)
13 = 0 or a
(p−i+j−1)
21 = 0 or a
(p−j)
32 = 0.
(b) If a
(t)
32 = 0, ∀t ≥ p− i, then
a
(p)
13 = 0 or a
(p)
21 = 0 or a
(p−i−1)
32 = 0.
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(3) If 1 ≤ j ≤ i, a
(t)
13 = 0, ∀t ≥ p− i+ j and a
(t)
32 = 0, ∀t ≥ p− j + 1, then
a
(p−i+j−1)
13 = 0 or a
(p)
21 = 0 or a
(p−j)
32 = 0.
Proof. We will prove only the statement for the case (1), because the cases (2) and
(3) can be treated analogously.
Since that 1 ≤ i ≤ p− 2, then 1 ≤ p− i− 1 ≤ p− 2. We can consider
p3 3p−i−1 =
p∑
r=p−i−1
p∑
s=2p−i−1−r
{
−X
(r)
13 X
(s)
22 X
(3p−i−1−r−s)
31 +
+X
(r)
12 X
(s)
23 X
(3p−i−1−r−s)
31 +X
(r)
13 X
(s)
21 X
(3p−i−1−r−s)
32
}
,
as A ∈ G1, by Corollary (4.11) we have the equation p3 3p−i−1(A) = 0
0 =
p∑
r=p−i−1
p∑
s=2p−i−1−r
{
−a
(r)
13 a
(s)
22 a
(3p−i−1−r−s)
31 + a
(r)
12 a
(s)
23 a
(3p−i−1−r−s)
31︸ ︷︷ ︸
=0
+
+ a
(r)
13 a
(s)
21 a
(3p−i−1−r−s)
32
}
0 =
p∑
r=p−i−1
p∑
s=2p−i−1−r
a
(r)
13 a
(s)
21 a
(3p−i−1−r−s)
32
(a) If a
(t)
13 = 0, ∀t ≥ p− i. Then
p3 3p−i−1(A) = a
(p−i−1)
13 a
(p)
21 a
(p)
32 +
p∑
r=p−i
p∑
s=2p−i−1−r
a
(r)
13 a
(s)
21 a
(3p−i−1−r−s)
32︸ ︷︷ ︸
=0
0 = a
(p−i−1)
13 a
(p)
21 a
(p)
32 ,
hence
a
(p−i−1)
13 = 0 or a
(p)
21 = 0 or a
(p)
32 = 0.
(b) If 1 ≤ j ≤ i, a
(t)
13 = 0, ∀t ≥ p− i+ j and a
(t)
21 = 0, ∀t ≥ p− j + 1. Then
0 =
p−i+j−2∑
r=p−i−1
p∑
s=2p−i−1−r
a
(r)
13 a
(s)
21 a
(3p−i−1−r−s)
32︸ ︷︷ ︸
=0
+
p∑
s=p−j
a
(p−i+j−1)
13 a
(s)
21 a
(2p−j−s)
32 +
+
p∑
r=p−i+j
p∑
s=2p−i−1−r
a
(r)
13 a
(s)
21 a
(3p−i−1−r−s)
32︸ ︷︷ ︸
=0
0 =
p∑
s=p−j
a
(p−i+j−1)
13 a
(s)
21 a
(2p−j−s)
32
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0 = a
(p−i+j−1)
13 a
(p−j)
21 a
(p)
32 +
p∑
s=p−j+1
a
(p−i+j−1)
13 a
(s)
21 a
(2p−j−s)
32︸ ︷︷ ︸
=0
0 = a
(p−i+j−1)
13 a
(p−j)
21 a
(p)
32 .
Thus
a
(p−i+j−1)
13 = 0 or a
(p−j)
21 = 0 or a
(p)
32 = 0.
(c) If a
(t)
21 = 0, ∀t ≥ p− i. Then
0 =
p−1∑
r=p−i−1
p∑
s=2p−i−1−r
a
(r)
13 a
(s)
21 a
(3p−i−1−r−s)
32︸ ︷︷ ︸
=0
+
p∑
s=p−i−1
a
(p)
13 a
(s)
21 a
(2p−i−1−s)
32
0 =
p∑
s=p−i−1
a
(p)
13 a
(s)
21 a
(2p−i−1−s)
32
0 = a
(p)
13 a
(p−i−1)
21 a
(p)
32 +
p∑
s=p−i
a
(p)
13 a
(s)
21 a
(2p−i−1−s)
32︸ ︷︷ ︸
=0
0 = a
(p)
13 a
(p−i−1)
21 a
(p)
32 .
Therefore
a
(p)
13 = 0 or a
(p−i−1)
21 = 0 or a
(p)
32 = 0.

Notation 4.16. For Yp(gln) we will consider the following subvarieties of G1:
W
p := V
(
W ∪ {p3j}
3p−3
j=1 ∪
{
X
(p)
32 , X
(p)
21 , X
(p)
13
}
∪ {pij} i=4,5,...,n
j=1,2,...,ip
)
.
W1 :=
p+1⋃
s=1
W1s .
where
•
W11 := V
(
W ∪ {p3j}
2p
j=1 ∪
{
X
(t)
13
}p
t=1
∪ {pij} i=4,5,...,n
j=1,2,...,ip
)
.
• For each s = 2, 3, . . . , p,
W1s := V
(
W ∪ {p3j}
2p
j=1 ∪
{
X
(t)
13
}p
t=s
∪
{
X
(t)
21
}p
t=p−(s−2)
∪ {pij} i=4,5,...,n
j=1,2,...,ip
)
.
•
W1 p+1 := V
(
W ∪ {p3j}
2p
j=1 ∪
{
X
(t)
21
}p
t=1
∪ {pij} i=4,5,...,n
j=1,2,...,ip
)
.
Also,
W2 :=
p+1⋃
s=2
W2s .
where
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• For each s = 2, 3, . . . , p,
W2s := V
(
W ∪ {p3j}
2p
j=1 ∪
{
X
(t)
21
}p
t=s
∪
{
X
(t)
32
}p
t=p−(s−2)
∪ {pij} i=4,5,...,n
j=1,2,...,ip
)
.
•
W2 p+1 := V
(
W ∪ {p3j}
2p
j=1 ∪
{
X
(t)
32
}p
t=1
∪ {pij} i=4,5,...,n
j=1,2,...,ip
)
.
And,
W3 :=
p⋃
s=2
W3s .
where
• For each s = 2, 3, . . . , p,
W3s := V
(
W ∪ {p3j}
2p
j=1 ∪
{
X
(t)
13
}p
t=s
∪
{
X
(t)
32
}p
t=p−(s−2)
∪ {pij} i=4,5,...,n
j=1,2,...,ip
)
.
Proposition 4.17. For Yp(gln)
G1 = W1 ∪W2, whenever p = 1;
G1 = W1 ∪W2 ∪W3, whenever p = 2;
G1 = W
p ∪W1 ∪W2 ∪W3, whenever p ≥ 3.
Proof. Clearly, each W’s is contained in G1, then we only need to prove
G1 ⊆ W1 ∪W2, for p = 1,
G1 ⊆W1 ∪W2 ∪W3, for p = 2,
G1 ⊆ W
p ∪W1 ∪W2 ∪W3, for p ≥ 3.
In fact, we consider A =
(
a
(t)
ij
)
i,j=1,2,...,n
t=1,2,...,p
∈ G1. For this proof we will use
p3 2p+i =
p∑
r=i
p∑
s=p+i−r
{
−X
(r)
13 X
(s)
22 X
(2p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(2p+i−r−s)
31 +
+X
(r)
13 X
(s)
21 X
(2p+i−r−s)
32
}
, i = p− 1, p.
By Corollary (4.11),
p3 3p(A) = − a
(p)
13 a
(p)
22 a
(p)
31 + a
(p)
12 a
(p)
23 a
(p)
31︸ ︷︷ ︸
=0
+a
(p)
13 a
(p)
21 a
(p)
32 = 0,
hence a
(p)
13 = 0 or a
(p)
21 = 0 or a
(p)
32 = 0, and as a consequence, when p = 1 we
have A ∈ W1 ∪W2.
For p > 1, follows of the Corollary (4.11)
p3 3p−1(A) =
p∑
r=p−1
p∑
s=2p−1−r
{
−a
(r)
13 a
(s)
22 a
(3p−1−r−s)
31 + a
(r)
12 a
(s)
23 a
(3p−1−r−s)
31︸ ︷︷ ︸
=0
+
+ a
(r)
13 a
(s)
21 a
(3p−1−r−s)
32
}
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0 =
p∑
r=p−1
p∑
s=2p−1−r
a
(r)
13 a
(s)
21 a
(3p−1−r−s)
32
0 = a
(p−1)
13 a
(p)
21 a
(p)
32 + a
(p)
13 a
(p−1)
21 a
(p)
32 + a
(p)
13 a
(p)
21 a
(p−1)
32 = 0,
hence
a
(p)
13 = a
(p−1)
13 = 0 or a
(p)
13 = a
(p)
21 = 0 or a
(p)
13 = a
(p)
32 = 0
or
a
(p)
21 = a
(p−1)
21 = 0 or a
(p)
21 = a
(p)
32 = 0
or
a
(p)
32 = a
(p−1)
32 = 0,
thus, in the case p = 2 we have A ∈W1 ∪W2 ∪W3.
Now, when p > 2 by lemma (4.15) we have the cases:
a
(p)
13 = a
(p−1)
13 = a
(p−2)
13 = 0 or a
(p)
13 = a
(p−1)
13 = a
(p)
21 = 0 or a
(p)
13 = a
(p−1)
13 = a
(p)
32 = 0
or
a
(p)
13 = a
(p)
21 = a
(p−1)
21 = 0 or a
(p)
13 = a
(p)
21 = a
(p)
32 = 0
or
a
(p)
13 = a
(p)
32 = a
(p−1)
32 = 0
or
a
(p)
21 = a
(p−1)
21 = a
(p−2)
21 = 0 or a
(p)
21 = a
(p−1)
21 = a
(p)
32 = 0
or
a
(p)
21 = a
(p)
32 = a
(p−1)
32 = 0
or
a
(p)
32 = a
(p−1)
32 = a
(p−2)
32 = 0.
Whenever
a
(p)
13 = a
(p)
21 = a
(p)
32 = 0,
we have A ∈Wp and therefore we can assume that
A 6∈ Wp .
Similarly, when
a
(t)
13 = 0, for all t = 1, 2, . . . , p
or
a
(t)
21 = 0, for all t = 1, 2, . . . , p
or
a
(t)
32 = 0, for all t = 1, 2, . . . , p
we have that A ∈ W11 ∪W1 p+1 ∪W2 p+1 and thus we can assume that
A 6∈ W11 ∪W1 p+1 ∪W2 p+1 .
Continuing with the same argument, suppose that
A 6∈ Wp ∪W1 ∪W2
and we will prove that A ∈ W3 .
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Clearly, there exists s ∈ {2, 3, . . . , p} such that
a
(t)
13 = 0, for each t = s, s+ 1, . . . , p and a
(s−1)
13 6= 0
because A 6∈ W11, follows from the Lemma (4.15) item (1.a)
a
(p)
21 = 0 or a
(p)
32 = 0.
We note that, if a
(p)
21 = 0 there exists j ∈ {p− (s− 3), p− (s− 4), . . . , p} such that
a
(t)
21 = 0, for all t = j, j + 1, . . . , p and a
(j−1)
21 6= 0
because A 6∈ W1s and as a consequence of the Lemma (4.15) item (1.b), we have
a
(p)
32 = 0
which is a contradiction with the fact that A 6∈ Wp. Therefore
a
(p)
21 6= 0 and a
(p)
32 = 0.
Again, by Lemma (4.15) item (3) we have a
(p−1)
32 = 0 and continuing of this way
we have that
A ∈W3s ⊆W3 .

Now, we going to improve the previous descomposition from the Proposition
(4.17) and with that aim, we will need the following Lemma:
Lemma 4.18. Suppose A =
(
a
(t)
ij
)
i,j=1,2,...,n
t=1,2,...,p
∈ G1, 2 ≤ s ≤ p−1 and 0 ≤ j ≤ p−s.
If a
(t)
13 = 0, ∀t ≥ s and
a
(p)
32 = a
(p−1)
32 = a
(p−2)
32 = · · · = a
(p−(s−2))
32 = a
(p−(s−2)−1)
32 = · · · = a
(p−(s−2)−j)
32 = 0,
then
a
(s−1)
13 = 0 or a
(p)
21 = 0 or a
(p−(s−2)−j−1)
32 = 0.
Proof. Since that A ∈ G1, s ≤ p− j and p− (s−2)− j ≤ p− j we have the equation
p3 2p−j(A) = −
p∑
t=p−j
a
(t)
23 a
(2p−j−t)
32︸ ︷︷ ︸
=0
−
p∑
t=p−j
a
(t)
13 a
(2p−j−t)
31︸ ︷︷ ︸
=0
+
+
p−j−1∑
r=1
p∑
t=p−j−r
{
−a
(r)
13 a
(t)
22 a
(2p−j−r−t)
31 + a
(r)
12 a
(t)
23 a
(2p−j−r−t)
31︸ ︷︷ ︸
=0
+
+ a
(r)
13 a
(t)
21 a
(2p−j−r−t)
32
}
+
+
p∑
r=p−j
2p−j−r−1∑
t=1
{
−a
(r)
13 a
(t)
22 a
(2p−j−r−t)
31 + a
(r)
12 a
(t)
23 a
(2p−j−r−t)
31︸ ︷︷ ︸
=0
+
+ a
(r)
13 a
(t)
21 a
(2p−j−r−t)
32︸ ︷︷ ︸
=0
}
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0 =
p−j−1∑
r=1
p∑
t=p−j−r
a
(r)
13 a
(t)
21 a
(2p−j−r−t)
32 .
If s = 2
p3 2p−j(A) =
p∑
t=p−j−1
a
(1)
13 a
(t)
21 a
(2p−j−1−t)
32 +
p−j−1∑
r=2
p∑
t=p−j−r
a
(r)
13 a
(t)
21 a
(2p−j−r−t)
32︸ ︷︷ ︸
=0
0 =
p∑
t=p−j−1
a
(1)
13 a
(t)
21 a
(2p−j−1−t)
32 .
If 2 < s < p− j
p3 2p−j(A) =
s−2∑
r=1
p∑
t=p−j−r
a
(r)
13 a
(t)
21 a
(2p−j−r−t)
32 +
p∑
t=p−j−s+1
a
(s−1)
13 a
(t)
21 a
(2p−j−s+1−t)
32 +
+
p−j−1∑
r=s
p∑
t=p−j−r
a
(r)
13 a
(t)
21 a
(2p−j−r−t)
32︸ ︷︷ ︸
=0
0 =
s−2∑
r=1
p∑
m=p−j−r
a
(r)
13 a
(2p−j−r−m)
21 a
(m)
32︸ ︷︷ ︸
=0
+
p∑
t=p−j−s+1
a
(s−1)
13 a
(t)
21 a
(2p−j−s+1−t)
32
0 =
p∑
t=p−j−s+1
a
(s−1)
13 a
(t)
21 a
(2p−j−s+1−t)
32 .
If s = p− j
p3 2p−j(A) =
p−j−2∑
r=1
p∑
t=p−j−r
a
(r)
13 a
(t)
21 a
(2p−j−r−t)
32 +
p∑
t=1
a
(p−j−1)
13 a
(t)
21 a
(p+1−t)
32
0 =
p−j−2∑
r=1
p∑
m=p−j−r
a
(r)
13 a
(2p−j−r−m)
21 a
(m)
32︸ ︷︷ ︸
=0
+
p∑
t=1
a
(p−j−1)
13 a
(t)
21 a
(p+1−t)
32
0 =
p∑
t=1
a
(p−j−1)
13 a
(t)
21 a
(p+1−t)
32 .
Now, by all previous cases we have
p3 2p−j(A) =
p∑
t=p−j−s+1
a
(s−1)
13 a
(t)
21 a
(2p−j−s+1−t)
32 = 0
=
p−1∑
t=p−j−s+1
a
(s−1)
13 a
(t)
21 a
(2p−j−s+1−t)
32 + a
(s−1)
13 a
(p)
21 a
(p−j−s+1)
32 = 0
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=
p∑
m=p−j−s+2
a
(s−1)
13 a
(2p−j−s+1−m)
21 a
(m)
32︸ ︷︷ ︸
=0
+a
(s−1)
13 a
(p)
21 a
(p−j−s+1)
32 = 0
= a
(s−1)
13 a
(p)
21 a
(p−j−s+1)
32 = 0.

Proposition 4.19. For Yp(gln) with p > 1
W3 ⊆ W
p ∪W1 ∪W2 .
Proof. Suppose s ∈ {2, 3, . . . , p} and A =
(
a
(t)
ij
)
i,j=1,2,...,n
t=1,2,...,p
∈W3s, this implies
a
(p)
13 = a
(p−1)
13 = · · · = a
(s)
13 = 0,
a
(p)
32 = a
(p−1)
32 = · · · = a
(p−(s−2))
32 = 0.
By Lemma (4.18)
a
(s−1)
13 = 0 or a
(p)
21 = 0 or a
(p−(s−2)−1)
32 = 0.
If a
(p)
21 = 0, then A ∈W
p.
If a
(t)
13 = 0 ∀t = 1, 2, . . . , p, then A ∈W11 ⊆W1.
If there exists t ∈ {2, 3, . . . , s} such that
a
(j)
13 = 0 ∀j = t, t+ 1, . . . , p and a
(t−1)
13 6= 0,
then of the Lemma (4.18)
A ∈W2 p+1 ⊆ W2 .

Corollary 4.20. For Yp(gln)
G1 = W1 ∪W2, whenever p = 1, 2;
G1 = W
p ∪W1 ∪W2, whenever p ≥ 3.
Proof. It follows of the Propositions (4.17) and (4.19).

4.4. Equidimensionality for the weak version of the Gelfand-Tsetlin. We
will prove that the weak version G1 of the G to Yp(gl3) is equidimensional of di-
mension dimG1 = 3p, showing the equidimensionality of every subvariety W’s in
the decomposition of the Corollary (4.20). With this aim the following Theorem of
V. Futorny, A. Molev and S. Ovsienko will be very useful.
Theorem 4.21. The Gelfand-Tsetlin variety G for Yp(gl2) is equidimensional of
dimension p.
Proof. See [6].

Notation 4.22. For P ∈ k[x1, x2, . . . , xn] and X = {xi1 , xi1 , . . . , xir} a set of
variables, we will denote by PX the polynomial obtained from P substituiting
xi1 = xi2 = · · · = xir = 0.
GELFAND-TSETLIN VARIETIES FOR YANGIANS 29
Proposition 4.23. For all 1 ≤ s ≤ p+1 with p > 2, the subvariety W1s of G1 for
Yp(gl3) is equidimensional of dimension 3p.
Proof. Using the notation in (4.16) the subvarieties W1s’s are:
W1s = V
(
Xs ∪ {p3j}
2p
j=1
)
⊂ k9p, s = 1, 2, . . . , p, p+ 1,
where
X1 =
p⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22
}
∪
{
X
(i)
13
}p
i=1
,
Xs =
p⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22
}
∪
{
X
(i)
13
}p
i=s
∪
{
X
(i)
21
}p
i=p−(s−2)
, s = 2, 3, . . . , p,
Xp+1 =
p⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22
}
∪
{
X
(i)
21
}p
i=1
.
We will prove that each W1s is equidimensional with
dim (W1s) = 9p− ( 4p︸︷︷︸
=|Xs|
+2p) = 3p.
In fact, by Corollary (2.2) and the Proposition (2.3), it is sufficient to prove that
V
(
Xs ∪ {p3j}
2p
j=1 ∪Ys
)
⊂ k9p
with
Y1 =
{
X
(i)
21
}p
i=1
∪
{
X
(i)
31
}p
i=1
Ys =
{
X
(i)
13
}s−1
i=1
∪
{
X
(i)
21
}p−(s−2)−1
i=1
∪
{
X
(i)
31
}p
i=1
, s = 2, 3, . . . , p
Yp+1 =
{
X
(i)
13
}p
i=1
∪
{
X
(i)
31
}p
i=1
is equidimensional of dimension 9p − ( 4p︸︷︷︸
=|Xs|
+2p + 2p︸︷︷︸
=|Ys|
) = p. Clearly, for each
s = 1, 2, . . . , p, p+ 1
V
(
Xs ∪ {p3j}
2p
j=1, ∪Ys
)
= V
(
Z ∪
{
pZ3j
}2p
j=1
)
⊂ k9p,
where, by Proposition (4.10) and the Notation (4.22)
Z = Xs ∪Ys =
p⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22 , X
(i)
13 , X
(i)
21 , X
(i)
31
}
,
pZ31 = X
(1)
33 ,
pZ32 = X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31︸ ︷︷ ︸
=0
= X
(2)
33 −X
(1)
23 X
(1)
32 ,
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pZ3i = −
i−2∑
r=1
i−r−1∑
s=2
X
(r)
13 X
(s)
22 X
(i−r−s)
31︸ ︷︷ ︸
=0
+X
(i)
33 −
i−1∑
s=1
X(s)13 X(i−s)31︸ ︷︷ ︸
=0
+X
(s)
23 X
(i−s)
32
+
+
i−2∑
r=1
i−r−1∑
s=1
{
X
(r)
12 X
(s)
23 X
(i−r−s)
31 +X
(r)
13 X
(s)
21 X
(i−r−s)
32︸ ︷︷ ︸
=0
}
= X
(i)
33 −
i−1∑
s=1
X
(s)
23 X
(i−s)
32 , i = 3, 4, . . . , p,
pZ3 p+1 =
p−1∑
r=1
p−r∑
s=1
{
X
(r)
12 X
(s)
23 X
(p+1−r−s)
31 +X
(r)
13 X
(s)
21 X
(p+1−r−s)
32︸ ︷︷ ︸
=0
}
−
−
p∑
s=1
X(s)13 X(p+1−s)31︸ ︷︷ ︸
=0
+X
(s)
23 X
(p+1−s)
32
− p−1∑
r=1
p−r∑
s=2
X
(r)
13 X
(s)
22 X
(p+1−r−s)
31︸ ︷︷ ︸
=0
= −
p∑
s=1
X
(s)
23 X
(p+1−s)
32 ,
pZ3 p+i = −
p∑
s=i
X
(s)
23 X
(p+i−s)
32 −
p∑
s=i
X
(s)
13 X
(p+i−s)
31︸ ︷︷ ︸
=0
+
+
i−1∑
r=1
p∑
s=i−r
{
−X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31︸ ︷︷ ︸
=0
+
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32︸ ︷︷ ︸
=0
}
+
+
p∑
r=i
p+i−r−1∑
s=1
{
−X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31︸ ︷︷ ︸
=0
+
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32︸ ︷︷ ︸
=0
}
= −
p∑
s=i
X
(s)
23 X
(p+i−s)
32 , i = 2, 3, . . . , p.
Now, projecting this variety on the variables
X
(t)
i1 , i = 1, 2, 3; t = 1, 2, . . . , p
and
X
(t)
1j , j = 1, 2, 3; t = 1, 2, . . . , p
we have, by Propositions (2.3) and (2.4), that to show the equidimensionality of
V
(
Z ∪
{
pZ3j
}2p
j=1
)
⊂ k9p
with dimension p is equivalent to prove that
W˜1 := V
(
A ∪ {q3j}
2p
j=1
)
= V
(
A ∪
{
pZ3j
}2p
j=1
)
⊂ k9p−5p = k4p
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is equidimensional of dimension
dim W˜1 = 4p− (p+ 2p) = p,
where
A :=
{
X
(i)
22
}p
i=1
,
q31 := p
Z
31 = X
(1)
33 ,
q3i := p
Z
3i = X
(i)
33 −
i−1∑
s=1
X
(s)
23 X
(i−s)
32 , i = 2, 3, . . . , p,
q3p+i := −p
Z
3p+i =
p∑
s=i
X
(s)
23 X
(p+i−s)
32 , i = 1, 2, . . . , p.
Using the variable change ϕ
X
(t)
22 7−→ X
(t)
11 , t = 1, 2, . . . , p
X
(t)
23 7−→ X
(t)
12 , t = 1, 2, . . . , p
X
(t)
32 7−→ X
(t)
21 , t = 1, 2, . . . , p
X
(t)
33 7−→ X
(t)
22 , t = 1, 2, . . . , p
we have W˜1 ∼= ϕ
(
W˜1
)
and
ϕ
(
W˜1
)
= ϕ
(
V
(
A ∪ {q3j}
2p
j=1
))
= V
(
ϕ (A) ∪ {ϕ (q3j)}
2p
j=1
)
⊂ k4p,
with
ϕ (A) =
{
ϕ
(
X
(i)
22
)}p
i=1
=
{
X
(i)
11
}p
i=1
= {p1i}
p
i=1 ,
ϕ (q31) = ϕ
(
X
(1)
33
)
= X
(1)
22 = p21,
ϕ (q3i) = ϕ
(
X
(i)
33 −
i−1∑
s=1
X
(s)
23 X
(i−s)
32
)
= X
(i)
22 −
i−1∑
s=1
X
(s)
12 X
(i−s)
21
= p2i, for i = 2, 3, . . . , p
ϕ (q3 p+i) = ϕ
(
p∑
s=i
X
(s)
23 X
(p+i−s)
32
)
=
p∑
s=i
X
(s)
12 X
(p+i−s)
21 = p2 p+i, i = 1, 2, . . . , p.
Therefore, W˜1 ∼= ϕ
(
W˜1
)
is the Gelfand-Tsetlin variety G for Yangian Yp(gl2),
which by Theorem (4.21) is equidimensional of dimension
dimϕ
(
W˜1
)
= 4p− 3p = p.

Corollary 4.24. For p > 2, the subvariety W1 of G1 for Yp(gl3) is equidimensional
of dimension 3p.
Proof. By Proposition (4.23) and Notation (4.16)
W1 =
p+1⋃
s=1
W1s .
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
Proposition 4.25. For all 2 ≤ s ≤ p+1 with p > 2, the subvariety W2s of G1 for
Yp(gl3) is equidimensional of dimension 3p.
Proof. Analogously to the proof of the Proposition (4.23). Using the notation (4.16)
the subvarieties W2s’s are:
W2s = V
(
Xs ∪
{
pXs3j
}2p
j=1
)
⊂ k9p, s = 2, 3, . . . , p, p+ 1,
where
Xs =
p⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22
}
∪
{
X
(i)
21
}p
i=s
∪
{
X
(i)
32
}p
i=p−(s−2)
, s = 2, 3, . . . , p
Xp+1 =
p⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22
}p
i=1
∪
{
X
(i)
32
}p
i=1
.
We will show that W2s is equidimensional of dimension
dim (W2s) = 9p− ( 4p︸︷︷︸
=|Xs|
+2p) = 3p.
For this, by Corollary (2.2) and Proposition (2.3) is enough to prove that
V
(
Xs ∪
{
pXs3j
}
j=1,2,...,2p
∪Ys
)
⊂ k9p,
with
Ys =
{
X
(i)
21
}s−1
i=1
∪
{
X
(i)
32
}p−(s−2)−1
i=1
∪
{
X
(i)
23
}p
i=1
, s = 2, 3, . . . , p
Yp+1 =
{
X
(i)
21
}p
i=1
∪
{
X
(i)
23
}p
i=1
is equidimensional with dimension 9p − ( 4p︸︷︷︸
=|Xs|
+2p + 2p︸︷︷︸
=|Ys|
) = p. Clearly, for each
s = 2, 3, . . . , p, p+ 1
V
(
Xs ∪
{
pXs3j
}2p
j=1
∪Ys
)
= V
(
Z ∪
{
pZ3j
}2p
j=1
)
⊂ k9p,
where, by Proposition (4.10) and Notation (4.22)
Z := Xs ∪Ys =
p⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22 , X
(i)
21 , X
(i)
23 , X
(i)
32
}
,
pZ31 = X
(1)
33 ,
pZ3i = X
(i)
33 −
i−1∑
s=1
X
(s)
13 X
(i−s)
31 , i = 2, 3, . . . , p,
pZ3 p+i = −
p∑
s=i
X
(s)
13 X
(p+i−s)
31 , i = 1, 2, . . . , p.
Projecting this variety on the variables
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X
(t)
i2 , i = 1, 2, 3; t = 1, 2, . . . , p
and
X
(t)
2j , j = 1, 2, 3; t = 1, 2, . . . , p
we have, by Propositions (2.3) and (2.4) that to show the equidimensionality of
V
(
Z ∪
{
pZ3j
}2p
j=1
)
⊂ k9p
of dimension p is equivalent to prove that
W˜2 := V
(
A ∪ {q3j}
2p
j=1
)
= V
(
A ∪
{
pZ3j
}2p
j=1
)
⊂ k9p−5p = k4p
is equidimensional of dimension
dim W˜2 = 4p− (p+ 2p) = p,
where
A :=
{
X
(i)
11
}p
i=1
,
q31 := p
Z
31 = X
(1)
33 ,
q3i := p
Z
3i = X
(i)
33 −
i−1∑
s=1
X
(s)
13 X
(i−s)
31 , i = 2, 3, . . . , p,
q3p+i := −p
Z
3p+i =
p∑
s=i
X
(s)
13 X
(p+i−s)
31 , i = 1, 2, . . . , p
and using the variable change ϕ
X
(t)
11 7−→ X
(t)
11 , t = 1, 2, . . . , p
X
(t)
13 7−→ X
(t)
12 , t = 1, 2, . . . , p
X
(t)
31 7−→ X
(t)
21 , t = 1, 2, . . . , p
X
(t)
33 7−→ X
(t)
22 , t = 1, 2, . . . , p,
we have W˜2 ∼= ϕ
(
W˜2
)
and
ϕ
(
W˜2
)
= ϕ
(
V
(
A ∪ {q3j}
2p
j=1
))
= V
(
ϕ (A) ∪ {ϕ (q3j)}
2p
j=1
)
⊂ k4p,
with
ϕ (A) =
{
X
(i)
11
}p
i=1
= {p1i}
p
i=1 ,
ϕ (q31) = ϕ
(
X
(1)
33
)
= X
(1)
22 = p21,
ϕ (q3i) = ϕ
(
X
(i)
33 −
i−1∑
s=1
X
(s)
13 X
(i−s)
31
)
= X
(i)
22 −
i−1∑
s=1
X
(s)
12 X
(i−s)
21 = p2i,
for i = 2, 3, . . . , p,
ϕ (q3 p+i) = ϕ
(
p∑
s=i
X
(s)
13 X
(p+i−s)
31
)
=
p∑
s=i
X
(s)
12 X
(p+i−s)
21 = p2 p+i, i = 1, 2, . . . , p.
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Therefore, W˜2 ∼= ϕ
(
W˜2
)
is Gelfand-Tsetlin variety G for Yangian Yp(gl2), which
by Theorem (4.21) is equidimensional of dimension
dimϕ
(
W˜2
)
= 4p− 3p = p.

Corollary 4.26. For p > 2, the subvariety W2 of G1 for Yp(gl3) is equidimensional
with dimension 3p.
Proof. By Proposition (4.25) and Notation (4.16)
W2 =
p+1⋃
s=2
W2s .

Now, we can prove the main result.
Theorem 4.27. The variety G1 for Yp(gl3) is equidimensional of dimension
dimG1 = 3p.
Proof. We will prove by induction over p.
By Theorem (3.7) or Proposition (4.12), we have that G1 for Y1(gl3) is equidi-
mensional with dimension
dimG1 = 3.
Similarly, of the Proposition (4.13) follows that G1 for Y2(gl3) is equidimensional
of dimension
dimG1 = 6.
Now suppose p > 2 and that the variety G1 for Yp−1(gl3) is equidimensional with
dimension 3(p− 1).
As a consequence of the Corollary (4.20), we have the decomposition
G1 = W
p ∪W1 ∪W2, for p ≥ 3.
By corollaries (4.24) and (4.26), the components W1 and W2 are equidimensionals
of dimension 3p.
We will show that Wp is equidimensional with dimension 3p. Using the notation
(4.16), we have
W
p = V
(
X ∪ {p3j}
3p−3
j=1
)
⊂ k9p,
where
X =
p⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22
}
∪
{
X
(p)
32 , X
(p)
21 , X
(p)
13
}
.
To prove that Wp is equidimensional of dim (Wp) = 3p, by Corollary (2.2) and
Proposition (2.3), is sufficient to show that
V
(
X ∪ {p3j}
3p−3
j=1,2 ∪
{
X
(p)
23 , X
(p)
31 , X
(p)
33
})
⊂ k9p
is equidimensional with dimension 9p− (6p+ 3) = 3p− 3 = 3(p− 1). Clearly
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V
(
Y ∪
{
pY3j
}3p−3
j=1
)
= V
(
X ∪ {p3j}
3p−3
j=1 ∪
{
X
(p)
23 , X
(p)
31 , X
(p)
33
})
⊂ k9p,
where, as a consequence of the Proposition (4.10) and Notation (4.22)
Y =
p−1⋃
i=1
{
X
(i)
11 , X
(i)
12 , X
(i)
22
}
∪
{
X
(p)
ij
}3
i,j=1
,
pY31 = X
(1)
33 ,
pY32 = X
(2)
33 −X
(1)
23 X
(1)
32 −X
(1)
13 X
(1)
31 ,
for every i = 3, 4, . . . , p− 1 we have
pY3i = −
i−2∑
r=1
i−r−1∑
s=2
X
(r)
13 X
(s)
22 X
(i−r−s)
31︸ ︷︷ ︸
=0
+X
(i)
33 −
i−1∑
s=1
(
X
(s)
13 X
(i−s)
31 +X
(s)
23 X
(i−s)
32
)
+
+
i−2∑
r=1
i−r−1∑
s=1
{
X
(r)
12 X
(s)
23 X
(i−r−s)
31︸ ︷︷ ︸
=0
+X
(r)
13 X
(s)
21 X
(i−r−s)
32
}
= X
(i)
33 −
i−1∑
s=1
(
X
(s)
13 X
(i−s)
31 +X
(s)
23 X
(i−s)
32
)
+
i−2∑
r=1
i−r−1∑
s=1
X
(r)
13 X
(s)
21 X
(i−r−s)
32 ,
analogously,
pY3p = −
p−2∑
r=1
p−r−1∑
s=2
X
(r)
13 X
(s)
22 X
(p−r−s)
31︸ ︷︷ ︸
=0
+X
(p)
33︸︷︷︸
=0
−
p−1∑
s=1
(
X
(s)
13 X
(p−s)
31 +X
(s)
23 X
(p−s)
32
)
+
+
p−2∑
r=1
p−r−1∑
s=1
{
X
(r)
12 X
(s)
23 X
(p−r−s)
31︸ ︷︷ ︸
=0
+X
(r)
13 X
(s)
21 X
(p−r−s)
32
}
= −
p−1∑
s=1
(
X
(s)
13 X
(p−s)
31 +X
(s)
23 X
(p−s)
32
)
+
p−2∑
r=1
p−r−1∑
s=1
X
(r)
13 X
(s)
21 X
(p−r−s)
32 ,
pY3 p+1 =
p−1∑
r=1
p−r∑
s=1
{
X
(r)
12 X
(s)
23 X
(p+1−r−s)
31︸ ︷︷ ︸
=0
+X
(r)
13 X
(s)
21 X
(p+1−r−s)
32
}
−
−
p∑
s=1
(
X
(s)
13 X
(p+1−s)
31 +X
(s)
23 X
(p+1−s)
32
)
−
p−1∑
r=1
p−r∑
s=2
X
(r)
13 X
(s)
22 X
(p+1−r−s)
31︸ ︷︷ ︸
=0
=
p−1∑
r=1
p−r∑
s=1
X
(r)
13 X
(s)
21 X
(p+1−r−s)
32 −
p−1∑
s=2
(
X
(s)
13 X
(p+1−s)
31 +X
(s)
23 X
(p+1−s)
32
)
−
−
X(1)13 X(p)31 +X(1)23 X(p)32 +X(p)13 X(1)31 +X(p)23 X(1)32︸ ︷︷ ︸
=0

=
p−1∑
r=1
p−r∑
s=1
X
(r)
13 X
(s)
21 X
(p+1−r−s)
32 −
p−1∑
s=2
(
X
(s)
13 X
(p+1−s)
31 +X
(s)
23 X
(p+1−s)
32
)
,
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for each i = 2, 3, . . . , p− 2
pY3 p+i = −
p∑
s=i
X
(s)
23 X
(p+i−s)
32 −
p∑
s=i
X
(s)
13 X
(p+i−s)
31 +
+
i−1∑
r=1
p∑
s=i−r
{
−X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31 +
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
+
+
p∑
r=i
p+i−r−1∑
s=1
{
−X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31 +
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
= −
p−1∑
s=i+1
X
(s)
23 X
(p+i−s)
32 −X
(i)
23X
(p)
32 −X
(p)
23 X
(i)
32︸ ︷︷ ︸
=0
−
p−1∑
s=i+1
X
(s)
13 X
(p+i−s)
31 −
−X
(i)
13X
(p)
31 −X
(p)
13 X
(i)
31︸ ︷︷ ︸
=0
+
+
i−1∑
r=1
p−1∑
s=i−r+1
{
−X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31︸ ︷︷ ︸
=0
+
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
+
+
i−1∑
r=1
{
−X
(r)
13 X
(i−r)
22 X
(p)
31 +X
(r)
12 X
(i−r)
23 X
(p)
31 +X
(r)
13 X
(i−r)
21 X
(p)
32︸ ︷︷ ︸
=0
}
+
+
i−1∑
r=1
{
−X
(r)
13 X
(p)
22 X
(i−r)
31 +X
(r)
12 X
(p)
23 X
(i−r)
31 +X
(r)
13 X
(p)
21 X
(i−r)
32︸ ︷︷ ︸
=0
}
+
+
p−1∑
r=i
p+i−r−1∑
s=1
{
−X
(r)
13 X
(s)
22 X
(p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(p+i−r−s)
31︸ ︷︷ ︸
=0
+
+X
(r)
13 X
(s)
21 X
(p+i−r−s)
32
}
+
+
i−1∑
s=1
{
−X
(p)
13 X
(s)
22 X
(i−s)
31 +X
(p)
12 X
(s)
23 X
(i−s)
31 +X
(p)
13 X
(s)
21 X
(i−s)
32︸ ︷︷ ︸
=0
}
,
= −
p−1∑
s=i+1
X
(s)
23 X
(p+i−s)
32 −
p−1∑
s=i+1
X
(s)
13 X
(p+i−s)
31 +
+
i−1∑
r=1
p−1∑
s=i−r+1
X
(r)
13 X
(s)
21 X
(p+i−r−s)
32 +
p−1∑
r=i
p+i−r−1∑
s=1
X
(r)
13 X
(s)
21 X
(p+i−r−s)
32 ,
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continuing with the same argument
pY3 2p−1 = −
p∑
s=p−1
X
(s)
23 X
(2p−1−s)
32 −
p∑
s=p−1
X
(s)
13 X
(2p−1−s)
31︸ ︷︷ ︸
=0
+
+
p−2∑
r=1
p∑
s=p−1−r
{
−X
(r)
13 X
(s)
22 X
(2p−1−r−s)
31 +X
(r)
12 X
(s)
23 X
(2p−1−r−s)
31︸ ︷︷ ︸
=0
+
+X
(r)
13 X
(s)
21 X
(2p−1−r−s)
32
}
+
+
p∑
r=p−1
2p−r−2∑
s=1
{
−X
(r)
13 X
(s)
22 X
(2p−1−r−s)
31 +X
(r)
12 X
(s)
23 X
(2p−1−r−s)
31︸ ︷︷ ︸
=0
+
+X
(r)
13 X
(s)
21 X
(2p−1−r−s)
32
}
=
p−2∑
r=1
p−1∑
s=p−r
X
(r)
13 X
(s)
21 X
(2p−1−r−s)
32 +
p−2∑
r=1
X
(r)
13 X
(p−1−r)
21 X
(p)
32︸ ︷︷ ︸
=0
+
+
p−2∑
r=1
X
(r)
13 X
(p)
21 X
(p−1−r)
32︸ ︷︷ ︸
=0
+
p−1∑
s=1
X
(p−1)
13 X
(s)
21 X
(p−s)
32 +
+
p−2∑
s=1
X
(p)
13 X
(s)
21 X
(p−1−s)
32︸ ︷︷ ︸
=0
=
p−2∑
r=1
p−1∑
s=p−r
X
(r)
13 X
(s)
21 X
(2p−1−r−s)
32 +
p−1∑
s=1
X
(p−1)
13 X
(s)
21 X
(p−s)
32 ,
pY3 2p = −X
(p)
23 X
(p)
32 −X
(p)
13 X
(p)
31︸ ︷︷ ︸
=0
+
+
p−1∑
r=1
p∑
s=p−r
{
−X
(r)
13 X
(s)
22 X
(2p−r−s)
31 +X
(r)
12 X
(s)
23 X
(2p−r−s)
31︸ ︷︷ ︸
=0
+
+X
(r)
13 X
(s)
21 X
(2p−r−s)
32
}
+
+
p−1∑
s=1
{
−X
(p)
13 X
(s)
22 X
(p−s)
31 +X
(p)
12 X
(s)
23 X
(p−s)
31 +X
(p)
13 X
(s)
21 X
(p−s)
32︸ ︷︷ ︸
=0
}
=
p−1∑
r=1
p−1∑
s=p−r+1
X
(r)
13 X
(s)
21 X
(2p−r−s)
32 +
p−1∑
r=1
X
(r)
13 X
(p−r)
21 X
(p)
32︸ ︷︷ ︸
=0
+
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+
p−1∑
r=1
X
(r)
13 X
(p)
21 X
(p−r)
32︸ ︷︷ ︸
=0
=
p−1∑
r=1
p−1∑
s=p−r+1
X
(r)
13 X
(s)
21 X
(2p−r−s)
32 ,
for each i = 1, 2, . . . , p− 4 we have
pY3 2p+i =
p∑
r=i
p∑
s=p+i−r
{
−X
(r)
13 X
(s)
22 X
(2p+i−r−s)
31 +X
(r)
12 X
(s)
23 X
(2p+i−r−s)
31︸ ︷︷ ︸
=0
+
+X
(r)
13 X
(s)
21 X
(2p+i−r−s)
32
}
=
p−1∑
r=i+1
p∑
s=p+i−r
X
(r)
13 X
(s)
21 X
(2p+i−r−s)
32 +X
(i)
13X
(p)
21 X
(p)
32︸ ︷︷ ︸
=0
+
+
p∑
s=i
X
(p)
13 X
(s)
21 X
(p+i−s)
32︸ ︷︷ ︸
=0
=
p−1∑
r=i+1
p−1∑
s=p+i−r+1
X
(r)
13 X
(s)
21 X
(2p+i−r−s)
32 +
p−1∑
r=i+1
X
(r)
13 X
(p+i−r)
21 X
(p)
32︸ ︷︷ ︸
=0
+
+
p−1∑
r=i+1
X
(r)
13 X
(p)
21 X
(p+i−r)
32︸ ︷︷ ︸
=0
=
p−1∑
r=i+1
p−1∑
s=p+i−r+1
X
(r)
13 X
(s)
21 X
(2p+i−r−s)
32 ,
analogously
pY3 3p−3 =
p∑
r=p−3
p∑
s=2p−3−r
{
−X
(r)
13 X
(s)
22 X
(3p−3−r−s)
31 +X
(r)
12 X
(s)
23 X
(3p−3−r−s)
31︸ ︷︷ ︸
=0
+
+X
(r)
13 X
(s)
21 X
(3p−3−r−s)
32
}
= X
(p−3)
13 X
(p)
21 X
(p)
32 +
p∑
s=p−1
X
(p−2)
13 X
(s)
21 X
(2p−1−s)
32︸ ︷︷ ︸
=0
+
+
p∑
s=p−2
X
(p−1)
13 X
(s)
21 X
(2p−2−s)
32 +
p∑
s=p−3
X
(p)
13 X
(s)
21 X
(2p−3−s)
32︸ ︷︷ ︸
=0
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= X
(p−1)
13 X
(p−2)
21 X
(p)
32︸ ︷︷ ︸
=0
+X
(p−1)
13 X
(p−1)
21 X
(p−1)
32 +X
(p−1)
13 X
(p)
21 X
(p−2)
32︸ ︷︷ ︸
=0
= X
(p−1)
13 X
(p−1)
21 X
(p−1)
32 .
Now, projecting the variety on the variables
X
(p)
ij , i, j = 1, 2, 3,
we have, by Proposition (2.4) that to show the equidimensionality of
V
(
Y ∪
{
pY3j
}3p−3
j=1
)
⊂ k9p
of dimension 3(p− 1), is equivalent to prove that
W˜
p
= V
(
Z ∪
{
qZ3j
}3p−3
j=1
)
⊂ k9p−9,
with
Z =
{
X
(i)
11
}p−1
i=1
∪
{
X
(i)
12
}p−1
i=1
∪
{
X
(i)
22
}p−1
i=1
and
qZ3j = p
Y
3j
is equidimensional with dim
(
W˜
p
)
= 9p − 9 − 6(p − 1) = 3(p − 1). But, we note
that W˜
p
is the weak version G1 to Yp−1(gl3).

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